By introducing finite next-nearest-neighboring (NNN) intersite coupling, we investigate the eigenenergies of the PT -symmetric non-Hermitian Su-Schrieffer-Heeger (SSH) model with two conjugated imaginary potentials at the end sites. It is found that the NNN intersite coupling plays a special role in modifying the eigenenergy spectra of both the bulk states and the topological end states. Due to the strengthening of NNN coupling, the bonding band is first narrowed and then undergoes the top-bottom reversal followed by the its width's increase. In this process, the antibonding band is widened monotonously, leading to the disappearance of the interband gap. As for the topological end state, its energy departs from the energy zero point, and it is allowed to extend into the original topologically-trivial region. Moreover, new topological end state emerges in this region. All these results depend on the interplay between the magnitude of the imaginary potentials and the NNN coupling strength. It can be concluded that the NNN coupling takes an important effect to the change of the topological properties of the non-Hermitian SSH system.
I. INTRODUCTION
Over the past decades, systems with nonHermitian Hamiltonians have become an important research concern of the quantum-physicsrelated field.
In particular, the Hamiltonians with parity-time (PT ) symmetry are more noticeable. The main reason is due to that below the phase transition point of symmetry breaking, the systems have an opportunity to possess purely real eigenenergy spectra [1] . So many researches have shown that PT symmetry presents very fruitful contents, which bring about the fundamental physics and abundant applications in many fields, including quantum-field-theories [2] , electronics [3] , cavity quantum electrodynamics [4] , and magnetohydrodynamics [5] . Moreover, it can be anticipated that within the non-Hermitian framework, PT -symmetric Hamiltonian features provide the possibility to form a consistent quantum mechanics theory [6, 7] .
Due to the advances and developments in experiment, PT -symmetric non-Hermitian systems can be optically achieved by incorporating gain and loss [8] . And the signatures and potential applications of them have been demonstrated in various aspects, such as optical waveguides [9] [10] [11] [12] [13] , perfect cavity absorber lasers [14] [15] [16] , single-mode lasing action in PT -symmetric microcavity arrangements [17, 18] , microwave cavities and resonators [19, 20] , particularly in metamaterials with extraordinary properties [21] [22] [23] [24] [25] [26] . Since PT -symmetric systems are characterized by the abrupt phase transition with their eigenvalue spectra from the real to the complex domain, it has been found that in a PT - * Electronic address: gwj@mail.neu.edu.cn symmetric lattice, nonlinear Kerr effects can induce a transition from a broken to an unbroken phase, and vice versa [27] . This feature has been successfully observed in semiconductor-based PTsymmetric dual microring laser resonators as a result of gain saturation [28, 29] . In addition, some other systems with PT -symmetric Hamiltonians have been investigated. For instance, the optoelectronic oscillators have been designed for PT symmetry in hybrid optoelectronic systems [30, 31] . And inductively coupled electronic circuits have been considered which have the passive PT symmetry breaking transition in the absence of exceptional points in both static and Floquet domains, by coupling the system of an inductor-capacitor oscillator inductively to a second one with Joule-heating loss [32] .
On the other hand, it is well known that in optical experiments topological systems can be constructed and studied in details, even they are difficult to realize in the field of solid-state physics [33, 34] . The photons in coupled waveguides and optical lattices are manipulated in a manner similar to the electrons in solids, providing intriguing opportunities for novel optical devices [35] [36] [37] . Accordingly, this promotes the building of one new field, i.e., topological photonics. Many interesting phenomena have been reported. The topologically protected unidirectional interface state has been experimentally demonstrated in coupled waveguide ring resonators [38] . Experiments for the photonic topological insulator have been realized by embedding an anisotropic photonic crystal into a metallic plate waveguide [39] . Researchers also report a new type of phononic crystals with topologically nontrivial band gaps for both longitudinal and transverse polarizations, resulting in protected one-way elastic edge waves [40] . Other groups demonstrated that synthesizing artificial gauge fields for ultracold atoms in optical lattices enables the construction of a two-dimensional topological system [41] . In addition, a localized flat-band state in a photonic Lieb lattice has been found [42] .
The progress of both PT -symmetric optics and topological photonics directly induces the development of the topic of PT -symmetric topological systems, which has been heated in recent years [43] [44] [45] [46] . One reason is because of its underlying new physics, and the other aspect is for that theoretical anticipations can be verified in a relatively short period [47] [48] [49] [50] [51] . According to the previous works, topologically protected PT -symmetric interface states have been demonstrated in coupled resonators [52, 53] , and PTsymmetric non-Hermitian Aubry-André systems [54] and Kitaev models [55, 56] have been theoretically investigated. Relevant conclusions show that universal non-Hermiticity can alter topological regions [57] [58] [59] , but topological properties are robust against local non-Hermiticity. Also, PT -symmetric discretetime quantum walk has been realized, with which edge states between regions with different topological numbers and their robustness to perturbations and static disorder have been observed [60] . Latest report began to focus on the two-dimensional PT -symmetric system, which shows that the nonHermitian two-dimensional topological phase transition coincides with the emergence of mid-gap edge states by means of photonic waveguide lattices with judiciously designed refractive index landscape and alternating loss [61] .
As the simplest topological model, the SuSchrieffer-Heeger (SSH) structure certainly attracts extensive attentions, by taking the PT symmetry into account from different aspects. Zhu et al. have studied the PT -symmetric non-Hermitian SSH model with two conjugated imaginary potentials at two end sites. They find that the non-Hermitian terms can lead to different effects on the properties of the eigenvalue spectra in topologically trivial and nontrivial phases. And in the topologically trivial phase, the system undergoes an abrupt transition from the unbroken PT -symmetry region to the spontaneously broken PT -symmetry region at a certain γ c [62] . Following this work, many groups dedicate themselves to investigating the PT -symmetric nonHermitian SSH model, aiming at different aspects, including the spontaneous PT -symmetry breaking, topological invariants, topological phase, harmonic oscillation at the exceptional point, and topological end states [63] [64] [65] [66] [67] [68] . In addition, the effects of defects on the topological states in the non-Hermitian SSH system have been already considered. It has been reported that for large gain/loss magnitudes, the defect states can disappear into the continuum, or undergo pairwise spontaneous breaking of a composite sublattice/time-reversal symmetry. And the symmetry-breaking transition gives rise to a pair of defect states continuable to nontopologically protected defect states of the SSH model [69] . Motivated by the researches in these works, more complicated systems have begun to receive attentions, e.g., the SSH and Kitaev models, non-Hermitian trimerized lattices, and tetramerizd systems [70] [71] [72] .
In this paper, we would like to investigate the eigenenergies of the PT -symmetric non-Hermitian SSH model with two conjugated imaginary potentials at the end sites, by introducing finite nextnearest-neighboring (NNN) intersite coupling. It shows that due to the presence of NNN coupling, the bonding band is first narrowed and then undergoes the top-bottom reversal followed by the increase of its width. In contrast, the antibonding band is widened monotonously, leading to the disappearance of the interband gap. As for the change of the topological end state, it lies in its energy shift from the zero point. Also, the topological state is allowed to extend into the original topologically-trivial region, with the emergence of new topological end state. Therefore, the NNN coupling takes an important effect to the change of the topological properties of the non-Hermitian SSH system.
II. THEORETICAL MODEL
The quasi-1D SSH model that we consider is illustrated in Fig.1 , which is described as a tightbinding chain with alternatingly modulated nearestneighboring intersite couplings. Besides, the NNN intersite coupling term is taken into account to present its special role in modifying the topological properties of this system. With respect to the nonHermitian terms, they are achieved by introducing two additional conjugated imaginary on-site potentials at end sites of the chain. The Hamiltonian of this structure can be written as
where H 0 is the SSH model with NNN intersite coupling, given by
The site number of the SSH chain has assumed to be 2N . c on the j-th site. The nearest neighboring intersite hoppings are given alternatively by t − and t + with t∓ = t(1 ∓ δ cos θ) to reflect the difference between the two nearest-neighboring intersite hoppings. The parameter δ is the strength of dimerization, which is greater than zero. And θ is an introduced tuning parameter, which can vary in one period, i.e., from −π to π. For convenience, δ is defined as |δ| < 1 and t = 1 is set as the unit of energy. It is known that the conventional SSH model is the simplest 1D two-band model which enables to exhibit topologically nontrivial properties. To be concrete, the SSH model has the topologically nontrivial phase in the region of − 2 ) corresponding to the topologically trivial phase. For the SSH model under the periodical boundary condition, these two phases are distinguished by the Berry phase, which takes 0 in the trivial phase and π in the nontrivial phase. The zero-mode end states in the nontrivial phase are topologically protected by both the inversion symmetry and particle-hole symmetry [73] .
In Hamiltonian H, the U pt term describes two additional conjugated imaginary on-site potentials acting at the two end sites. It takes the form as
in which energy loss occurs at the first site and energy gain takes place at the 2N -th site. Besides, γ is the identical strength of the imaginary potentials.
In this context, we consider it to be greater than zero.
Since we aim at the study about non-Hermitian SSH model, it is necessary to demonstrate the relevant symmetry properties that can be referred in this work. P and T are the space-reversal (or parity) operator and the time-reversal operator. Their effects are manifested as p → −p and x → −x; p → −p, x → x, and i → −i, respectively. For a PTsymmetric Hamiltonian, it should obey the relationship that [PT , H] = 0. With respect to our considered system with discrete lattice, the effects of P and T are Pc j P = c 2N +1−j , and T iT = −i, respectively. It is easy to prove that our non-Hermitian SSH model is PT symmetric, i.e., (PT )H(T P) = H, since
This exactly means that Hamiltonian H possesses neither P nor T symmetry separately, but it is invariant under the combined operation of P and T . According to the previous works, the Hamiltonian H can be classified to be either unbroken PT symmetry or broken PT symmetry, which can be differentiated by observing the symmetry of its eigenfunctions [74, 75] . With the help of the Schrödinger equation H|ψ = E|ψ , the eigenfunction |ψ can be solved. If all the eigenfunctions have PT symmetry, i.e.,
the SSH system will show the unbroken PT symmetry and all the corresponding eigenvalues are real. Nevertheless, if not all the eigenfunctions obey the above eigenvalue equation, the system will be of the broken PT symmetry. In such a case, and the complex eigenvalues of the SSH model begin to come into play. 
III. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we continue to discuss the characteristics of the eigenenergy spectra of the PTsymmetric non-Hermitian SSH model, due to the presence of NNN intersite coupling. In the context, we take the parameter values as t = 1.0, δ = 0.5, and N = 50 to perform our numerical calculation.
To begin with, we would like to present the eigenenergy spectra of the SSH model with the NNN intersite coupling τ , by ignoring the PT -symmetric imaginary potentials. The numerical results are shown in Fig.2(a)-(d) , where τ = 0, 0.2, 0.5, and 0.7, respectively. In Fig.2(a) , one can clearly find that in the absence of NNN coupling, the two bands encounter when θ tunes to be 2 ), the topologically nontrivial phase comes into being, accompanied by the appearance of zero-energy state. These results are completely consistent with those in Ref. [62] . Once a small NNN coupling is taken into account, the two bands become asymmetric about each other, and the bonding (antibonding) band is narrower (wider), as shown in Fig.2(b) . This directly causes the Dirac cone to sink under the energy-zero point. Meanwhile, the energy of the topological state becomes unequal to zero, dependent on the tuning of θ. When θ changes near the position of θ = 0 (2π), the energy value of the topological state gets close to the energy zero point. This result turns to be more clear with the increase of τ to 0.5 [See Fig.2(c) ], accompanied by the reversed structure of the bonding band. Next, in Fig.2(d) , for a large τ , e.g., τ = 0.7, the two bands are mixed with each other, and then the topological state is destroyed accordingly. These results suggest that for the SSH model, the NNN coupling plays a nontrivial role in destroying the topological state, manifested as the change of its energy and the decrease of the topologically nontrivial region. This should be attributed to the destruction of the symmetry of the bonding and antibonding bands, by the presence of NNN intersite coupling. We next introduce the PT -symmetric imaginary potentials to the end sites of the model, to pay attention to the eigenenergy spectra of the non-Hermitian SSH model with the increase of NNN intersite coupling. The corresponding results are shown in Fig.3 , where the magnitude of the imaginary potentials is taken to be γ = 2.0. In this figure, we can first find that with the increase of the NNN intersite coupling, the energies of the bulk states exhibit clear variation manner. Namely, the width of the bonding band first decreases and then increases linearly, but the antibonding band is widened monotonously in this process. This phenomenon takes place in the cases of θ = 0.4π, 0.6π, 0.8π, and π, except their weak differences. On the other hand, for the topological end state, it experiences alternative changes when θ increases to π, as shown in Fig.3(a)-(d) . Firstly in the case of θ = 0.4π, the energy of the topological end state shifts to the negative-energy direction. As a result, such a state is submerged by the bulk state with the increase of NNN coupling [See Fig.3(a) ]. When θ = 0.6π, the increase of NNN coupling enables to split the topological state into two. And the low-energy one disappears when the two bands encounter, as shown in Fig.3(b) . Next, for the cases of θ = 0.8π and π, one can see that the energies of the two topological states get close to each other until the disappearance of them. However, further increasing the NNN coupling is able to generate new topological end state, despite the superposition of the two bands [See Fig.3(c)-(d) ]. Also from the right column of Fig.3 , one can observe that the energy of each topological end state has two equal-magnitude imaginary parts, due to the PT -symmetry breaking. In addition, the other results in Fig.3 should be noticeable. It shows that following the superposition of the two bands, the energies of the bulk states begin to become complex. The real part of the energies is labeled by the green colour to exhibit its property. For the corresponding imaginary part, it is much smaller than that of the topological end states. Now, we have a preliminary understanding that the NNN coupling is important for modifying the non-Hermitian properties of the SSH system.
In Fig. 4 , we plot the eigenenergy spectra of the SSH model as a function of θ which reflects the difference between the two neighboring intersite coupling. The PT -symmetric imaginary potentials are taken to be γ = 2.8. In Fig.4(a)-(d) , the NNN coupling increases from 0.2 to 0.8. It can firstly be observed that the imaginary potentials induce the breaking of the PT symmetry of the topological end state in a substantial way, compared with the the absence of imaginary potentials in Fig.2 . Moreover, the topological states change with the increasing of the NNN intersite coupling τ . In Fig. 4(a)-(b) , it shows that with the increase of τ from 0.2 to 0.4, the ring-shaped structure of the eigenenergies of the topological states shrinks into one point at the position of θ = π, with its energy equal to zero. Thus in this case, two topological states survive. One only exists in the region of π 2 < θ < 3π 2 , whereas the other has an opportunity to thread through the whole region with its zero energy. And they degenerate with each other at the point of θ = π. For the eigenenergy spectrum of the bulk state, the antibonding band is much wider, and the bonding band begins to reverse in the upper-down direction, as shown in Fig. 4(c)-(d) . In the case of τ = 0.7, the two bands overlap with each other. As a result, only small energy gap takes place when θ changes around the points of 0 and π. At this time, the topological state only comes into being in the region of 3π 4 < θ < 5π 4 , and its energy changes along the down edge of the antibonding band. The other topological state, it is completely merged in the antibonding band, and its energy becomes irrelevant to the adjustment of θ. When the two band overlap thoroughly, only this topological state survives. When observing the imaginary parts of the topological-state's eigenenergy, one can see that they are independent of the adjustment of θ if the real part forms a ring-shaped structure, and their number is halved in this situation.
Next in Fig. 5 , we focus on the case of θ = π and investigate the eigenenergy of the SSH model with the enhancement of the PT -symmetric imaginary potentials. Fig. 5(a)-(d) shows the results of τ = 0.2, 0.4, 0.7, and 0.8, respectively. In Fig. 5(a) -(c), one can find that due to the increase of τ , the bonding and antibonding bands are widened, accompanied by the narrowness of the gap between them. As for the topological states, it shows that when the NNN intersite coupling (i.e., τ ) increases, their appearances require the larger γ. This phenomenon can be observed in both the bonding and antibonding bands. By contrast, the degeneracy point of the topological states shift to the smaller-γ direction in this process. The other result is that the overlap of the two bands eliminates the the lower-energy topological state after the degeneracy point. It is not difficult to expect that if the NNN intersite coupling further increases, the degeneracy of the topological states will disappear, but only one topological state survives. With respect to the imaginary part of the eigenenergy of the topological state, it appears in pair with the presence of γ, in comparison with the real part. When the energy splitting takes place after degeneracy, the values of the imaginary part can be enlarged. This means the formation of the other mode of the PT -symmetry breaking.
In what follows, we discuss the eigenenergy of the SSH model, by taking the NNN intersite coupling to be τ = 0.2. The eigenenergy results are exhibited in Fig. 6 and Fig. 7 , where γ increases from 0.1 to 3.6. It can be seen that the imaginary potentials also have a great influence on the PT symmetry of the topological state, but do not change the eigenenergies of the bulk states. Just as shown in Fig. 6(a) , for the weak imaginary potentials applied at the end sites, the eigenenergy of the topological state obtains its imaginary part. As the PT -symmetric imaginary potentials are strengthened, new topological states appear in the original topologically-trivial region, i.e., π 2 < θ < 3π 2 , with the nonzero imaginary part of its energy [See Fig. 6(b) ]. However, note that differently from the other topological state, it is covered by the bulk state of the bonding band. With the further increase of γ to 1.0, these two states develop into one new topological state. Meanwhile, another topological state comes into bing in the antibonding band in the region π 2 < θ < 3π 2 , as shown in Fig. 6(c) . Therefore, one can know that due to the interplay between the NNN coupling and the PT -symmetric imaginary potentials, the topological properties of the SSH model can be further modulated. Next, in Fig. 7 we further strengthen the imaginary potentials to present the change of the topological properties of the SSH model. In the case of γ = 1.5, the topological state in the antibonding band is allowed to appear in the whole region of π 2 < θ < 3π 2 , and its counterpart in the bonding band is pushed to the upper band edge. And they merge together near the points of θ = π 2 and θ = 3π 2 , as shown in Fig. 7(a) . Accordingly, the eigenenergy spectrum of the topological state shows up as one ring-shaped structure in the region of π 2 < θ < 3π 2 . The results in Fig. 7(b)-(c) show that a larger γ enables to shrink the ring-shaped structure of the eigenenergy spectrum of the topological state, until its disappearance. At the same time, another topological state forms in this region, and its eigenenergy curve starts from this ring and ends at the Dirac point. Once the ring-shaped structure disappears, two independent states survive. One only exists in the region of π 2 < θ < 3π 2 , whereas the other has an opportunity to directly thread through the whole region with its zero energy. Based on these results, one can then find the complication of the topological properties driven by the imaginary potentials, due to the presence of NNN intersite coupling, which are basically different from those without NNN coupling in Ref. [62] .
In Fig. 8 , we continue to plot the eigenenergy spectrum of the modified SSH model as a function of the imaginary-potential strength γ. The results of θ = 0, 0.5π, and π, are shown in Fig. 8(a)-(c) , respectively. In Fig. 8(a)-(b) , one can see that in the case of θ = 0, real part of the eigenenergy of the topological state is independent of the increase of PT -symmetric imaginary potentials, whereas its imaginary part is proportional to the value of γ. For the case of θ = 0.5π, the topological state forms when γ increases to 1.0, and the real part of its energy keeps steady near the energy zero point. With respect to the imaginary part, its magnitude is also accordant with the value of γ. Next, in Fig. 8(c) it shows that at the point of θ = π, nonzero γ is able to generate the topological state in the bonding band. With the increase of γ to 1.0, the other topological sate emerges in the antibonding band. And then, they merge into one at the point of γ = 3.0, with the zero energy of it. However, the further increase of γ can induce a little splitting of the energy spectrum of this state. It should be noticed that when γ increases to 3.0, the imaginary part of the eigenenergy spectrum of the topological state exhibit an apparent splitting.
FIG. 9:
Phase diagram that describes the PTsymmetry breaking of the SSH model. The parameters are taken to be δ = 0.5 and N = 50. In region I, no PTsymmetry breaking occurs; In region II, the PT symmetry encounters its first breaking; In region III, the other PT -symmetry breaking occurs; In region IV, new mode of PT -symmetry breaking forms after the emergence of EP. In order to present a comprehensive analysis about the property of the PT -symmetry breaking of this SSH system, we would like to plot its phase diagram, as shown in Fig. 9 . In Fig. 9(a)-(b) , the NNN intersite coupling is taken to be 0 and 0.4, respectively. It can be readily found that in the original topologically nontrivial region, i.e., −
2 ), the mode of the PT -symmetry breaking is independent of the increase of PT -symmetric imaginary potentials in these two cases. However in the other region, the mode of PT -symmetry breaking has an opportunity to be complicated, which is tightly determined by the strength of PT -symmetric imaginary potentials and the neighboring intersite coupling manner (i.e., θ) for different τ . In principle, the presence of NNN intersite coupling indeed complicates the mode of PT -symmetry breaking. For a nonzero τ , it becomes more intense with the enhancement of the imaginary potentials. As shown in Fig. 9(b) , there are four phase regions in the region of π 2 < θ < 3π 2 . The reason consists in that in the case of nonzero τ , the two topological end states have an opportunities to be degenerated, accompanied by the appearance of EP. After this, increasing γ is able to induce the new PT -symmetric breaking. As an estimation, the position of such an EP can be described as γ ≈ 1 − 2 cos θ. Therefore, one can clarify the mode of PT -symmetry breaking in the presence of NNN intersite coupling.
IV. SUMMARY
To summarize, we have investigated the eigenenergy characteristics of the PT -symmetric nonHermitian SSH model with two conjugated imaginary potentials at the end sites, when finite NNN intersite coupling is taken into account. As a result, it has been found that the NNN intersite coupling does not only enable to change the eigenenergies of both the bulk states, but also modify the properties of the topological end states in a substantial way. On the one hand, with the increase of NNN coupling, the bonding band is first narrowed and then undergoes the top-bottom reversal followed by the enlargement of its width, whereas the antibonding band is widened monotonously. This leads to the disappearance of the interband gap for the large NNN coupling. On the other hand, the energy of topological end state departs from the energy zero point in this process, and it extends into the original topologically-trivial region. Meanwhile, new topological end state emerges in such a region. Therefore, the topological properties of the SSH model can be efficiently modulated, by considering the interplay between the PT symmetry and NNN intersite coupling. We believe that this work can be helpful for describing the topological properties of the non-Hermitian SSH system.
